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Abstract

Recent research on point-based surface representations
suggests that point sets may be a viable alternative to
parametric surface representations in applications where
the topological constraints of a parameterization are un-
wieldy or inefficient. Particle systems offer a mechanism
for controlling point samples and distributing them accord
ing to needs of the application.Furthermore, particle sys-
tems can serve as a surface representation in their own
right, or to augment implicit functions, allowing for both
efficient rendering and control of implicit function param-
eters. The state of the art in surface sampling particle sys-
tems, however, presents some shortcomings. First, most o
these systems have many parameters that interact with som
complexity, making it difficult for users to tune the sys-
tem to meet specific requirements. Furthermore, these sys-
tems do not lend themselves to spatially adaptive sampling Figure 1. A curvature dependent sampling of
schemes, which are essential for efficient, accurate repre- the dragon (Figure 5 in the color plate).
sentations of complex surfaces. In this paper we present a
new class of energy functions for distributing particles on
implicit surfaces and a corresponding set of numerical tech
nigues. These techniques provide stable, scalable, efficie
and controllable mechanisms for distributing particleatth
sample implicit surfaces within a locally adaptive frame-
work.
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In 1994, Witkin and Heckbert [23] introduced a novel
approach to sampling and controlling implicit surfaces in
which they constrain a system of interacting particlesédo li
on the implicit surface. Each particle repels nearby plasic
to minimize a Gaussian energy function. The Gaussian en-
ergy has a characteristic length, which is adapted for each
particle to suit the distribution of its neighbors. Simuka
ously the particles are constrained and reprojected oeto th
1. Introduction implicit surface. The Witkin and Heckbert (W-H) method

includes approximately 10 free parameters, and when they

Implicit surfaces are used for surface modeling [2], point are carefully tuned ([23] gives an effective set of guide-
set reconstruction [7], animation [5], and visualizati@a]. lines), the resulting system produces a homogeneous-distri
The widespread use of implicit surfaces is due to several de-bution of particles on the surface. Many applications, how-
sirable features of the surface representation, such as-a si ever, require inhomogeneous distributions based on cur-
ple, homogeneous representation (e.g. volumes), the abilvature, such as using particles to polygonalize [11] or to
ity to model deformations without reparameterization, and parametrize [24] the surface. Several authors [16, 3] have
flexible topology. However, these advantages come at aattempted to enhance the W-H method for locally adaptive
cost. Implicit surfaces are inefficient to render directhda  sampling , but have noted the difficulty of tuning such a
unintuitive to control. complicated system of parameters.
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The difficulty with the W-H method is twofold. The novel, physically-based system that uses repulsive parti-
first is the presence of the characteristic length in the-inte cles to not only sample, but also deform, implicit surfaces.
particle distances, which is the standard deviation of the Other work presents ideas for sampling implicit sur-
Gaussian. The Gaussian energy has a preferred value, anfhces for animation [6] and texture mapping [24]. Also, a
particles that are not situated at a distance of approxignate large body of work has been developed in the mathemat-
o move very slowly relative to those that are. To account ics community that studies the discretization of surfaces
for this, the W-H method adapts tleeon a per particle ba-  via energy minimizations [17, 8].
sis according to a set of heuristics that involve severa fre Heckbert [10] extends the original W-H method by de-
parameters. The adaptation is intimately tied to an inser- veloping a spatial binning optimization that determines th
tion and deletion of particles whenbecomes too large or  radius of influence of a particle and only calculates forces
too small, respectively, and thus the equilibrium requaes for neighboring particles within this radius. The radius of
particular number of particles, which is determined by the influence varies from particle to particle, so the bounding
system, rather than the user. The second issue is the nusphere must be computed for each particle. Another exten-
merical algorithm. The W-H method relies on a gradient sion is proposed by Hadt al.[9] to sample more complex
descent for both particle repulsion andadaptation. Dis-  surfaces. They describe an object-oriented system that nu-
cretized gradient descent algorithms invariably intradac ~ merically differentiates implicit surfaces comprisedarfge
critical free parameter (the descent rate, or unit change pe nhumbers of control parametersogthet al.[16] introduce
iteration), and the system can easily become either too slowa curvature dependency into the W-H method for sampling
or unstable if the parameter is improperly tuned. As a re- unbounded surfaces and singularities. Similarly, Crogtno
sult, changes to the W-H system often entail careful retun- al. [3] propose modifying the W-H scheme to accommodate
ing of the corresponding gradient descent parameter. local curvature of extracted isosurfaces. Research intpoin

This paper addresses both of these issues. The effects dfased graphics, [1, 14, 7] builds, in part, upon ideas from
the characteristic length are alleviated by introducingan  particle systems. Point-based methods fit an implicit sur-
ergy function that is (approximately) scale invariant. $hu face to a point cloud and then utilize particle system tech-
particles interact in a similar fashion over a wide range of niques to refine the point representation.
distances without adapting or tuning parameters. To addres
the limitations of gradient descent we propose a inverse-3. The Witkin-Heckbert M ethod
Hessian minimization scheme, which automatically tunes
the descent rate to accommodate the curvature of the energy The W-H method constrainsrepulsive particlep(¢) to
surface. The result is a robust system with relatively few pa lie on an implicit surface of the functioR(q), which is con-
rameters that provides a new capability: a locally adaptive trolled by parameterg(t). That is,
distribution of particles on implicit surfaces. Mechangm
such as neighborhood size and deletion/insertion of parti- F(p(t),q(t)) = 0. @)

cles can now be adaptgd to 'meet other constraints, such ag, [23], particles provide not only a way to visualize the im-

the total number of particles in the system, the average paryjicit surface in real time, but also provide a handle thioug

ticle density, the efficiency of the computation, or update \yhich surface deformations are controlled by updating the

and rendering times. parameterg(t). This paper is concerned with only the par-
ticle placement, and thus, to simplify the discussion, we ig

2. Related Work nore the surface deformation terms from the original W-H
formulation.

Modeling surfaces with particles was first proposed Particles distribute themselves homogeneously across
in computer graphics by Szeliski and Tonnesen [18, 19], the surface by exerting an inter-particle repulsion forne o
by developing an oriented particle system to sample de-neighboring particles, resulting in a repulsion velocity
formable surface models. They employ an energy function for each particle. The surface constraint is enforced by pro
from the molecular dynamics literature, which causes par-jectingv; onto the local tangent plane and then reproject-
ticles to exert short-range repulsion and long-rangettra g the updated particle position onto the zero sek'afs-
tion, keeping particles at an appropriate distance frorh eac ing @ Newton-Rhapson technique. That is,
othe_r. Turk [2;] uses repelling particles to re-sample goly . VF, @ VF, V,F
onalized static surfaces using curvature measurements, P; = (I - ) R e T V3
i T . VF;-VF; VF;-VEF;
while De Figueiredeet al. [4] proposes a physically-based
particle method to polygonalize implicit surfaces by wherel is the identity matrixV F; is the spatial gradient of
modeling particles with a mass-spring system. Build- F' at the particlep,, andV F; ® VF; is the projection op-
ing on these ideas, Witkin and Heckbert [23] propose a erator formed by the vector direct product of the gradient.
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The last term in (2) is the reprojection onto the implicit-sur of shape complexity and size, and requires minimal param-
face (thefeedback ternin [23]), which is scaled by a free eter tuning from surface to surface. We build upon the con-
parameterp. A fraction of p, is added to the current po- strained particle system developed by Witkin and Heckbert,
sition in the manner of a finite forward difference scheme, but introduce a new class of energy functions accompa-
i.e.p, — p, + cp;, wherec is the gradient descent constant nied by a single, global radius that virtually eliminates
mentioned previously. The particle is then rendered using athe need for insertion-deletion to ensure even distrilmstio
disk oriented to lie in the local surface tangent plane [18]. of particles across the entire surface. We apply particle in
Each particle maintains an adaptive repulsion radiys,  Sertion and deletion to add global particle density control
which grows and shrinks based on the local energy val-and create a curvature-based repulsion amplitude parame-
ues. The W-H method also includes a target radiyshat ter that causes particles to distribute with higher degssiti
controls the insertion and deletion of particles in the sys- regions of interest.
tem. When a particle’s; drops below some fraction &f
it is removed, and when it goes above some multiplé.of 4. A New Particle Energy Scheme
a new particle is inserted nearby. The system can quickly
move particles into sparse regions by growingor parti- At the heart of the proposed particle system is the com-
cles in underpopulated regions, and then inserting new parfputation of the potential energy associated with particle-
ticles wheno; becomes too high. The system forms homo- particle interactions. The minimization of this energy de-
geneous distributions of particles over the surface bytadap fines the algorithm for distributing particles across the su
ing o; until all particles have similar energy measures. face and leads to a quantifiable notion of an ideal distribu-
Several extension to the original W-H particle system tion. Each particlep;, creates a potential field, which is a
have been proposed in order to accommodate increasedtnction of the distancgp; — p;| betweerp; and all neigh-
sampling in areas of high curvature [16, 3, 11]. All three boring particles that_lle within the potential fleld._We defin
extensions apply an adaptive, per-particle, curvaturelep (e €nergy at a particie; to be the sum of potentials of the
dency to either the repulsion radius, or to the target ra- ™ Particles that interact witp,:

dius,5;. We have found these extensions do not provide ad- m, i
equate curvature dependent distributions for complex sur- E; = 1 Z Eii(| 745 ), (3)
faces with large variations in curvature values, confirming 2 =1

the difficulties mentioned by &5chet al. [16] and Karka- _
niset al.[11]. wherer;; = p;, — p;. The global energy of the system is

the sum of all the individual particle energies. Because the

These difficulties arise becausg will grow and shrink - . .
pairwise energiesy;;, are symmetric we have

regardless of the underlying curvature value, andloes

not control the behavior of a particle apart from its split- m.on

ting and dying. For example, consider a particle in a high E= Z Z Eij(| rij |)- (4)
curvature area with a relatively log. As o; increases this Jj=li=j+1

particle splits at faster rates than particles in nearbyefiat The derivative of the system energy with respect to a par-

areas. However, these new particles will merely be pushedicie position gives rise to the repulsive force that defies

resulting in the deletion of particles. Meanwhile, the high o
curvature particle, missing the fleeing particles it relyent OF OE; Mgz OB T
created, will continue to split—a never ending cycle of in- Ui = " ox; == o, == Z
sertion and deletion. In our experiments, when we tuned pa- J=1
rameters to stop the insertion-deletion cycle by expandingBy iteratively moving the particles along the energy gradi-
the hysteresis of insertion and deletion we found that the ent, we find a global minimum when particles are evenly
particle distributions did not reflect the desired diffares distributed across the surface.
in particle densities—the W-H scheme tends toward homo-  The pairwise potential energi;; is the most impor-
geneous distributions despite variationsirLocal adapta-  tant aspect of any such particle system. A bad energy func-
tion in the W-H scheme is significantly more complex than a tion can lead to numerical instabilities and uneven parti-
single parameter; it also requires modifications to theipart cle distributions, and a good function results in a homoge-
cle radii interactions with the per-particle energy fuooS.  neous steady state. We have experimented with several po-
This paper proposes a new approach to distributing par-tential energy functions from the literature and have ident
ticles across an implicit surface, allowing for a wide range fied three important characteristics of a well behaved poten
of distribution patterns, from homogeneous to highly adap- tial energy function. Energies should be continuous func-
tive. The proposed system is general across a broad rangéons of particle distance. The energy functions should be
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Figure 2. Plots of energy functions (

the corresponding force functions (

E) and
F) :(a)

Gaussian energy, exhibiting a characteris-
tic length; (b) Electrostatic energy, exhibit-
ing a necessary truncation; (c) Cotangent en-
ergy, exhibiting compactness and approxi-

mate scale invariance.

compact to avoid global influences and allow for efficient
computation. And to avoid characteristic lengths, and the
associated parameter tuning, the energy must be scale in-
variant. That is, two particles at different distances #thou
have the same ratio of energies regardless of the choice of
units of our system.

The Gaussian energy used in the W-H method is smooth
and nearly compact because the function can be truncated
in a manner that does not significantly affect its behav-
ior. However, the Gaussian has a characteristic length and
is not scale invariant. A particularly interesting example
of a scale-invariant energy is the electrostatic potential
E;; = 1/|r;;|. The electrostatic function is smooth, except
at the origin (which can be fixed by adding adding a small
constant to the denominator), but does not fall off quickly
enough to provide local behavior. As a result, particles do
not remain on flat regions but instead concentrate exclu-
sively on convex, high-curvature areas—a well-known phe-
nomenon from electrostatics. Furthermore, truncating the
electrostatic potential yields unreliable results, areddbn-
figurations of particle steady states are very sensitivhdo t
distance of truncation. Thus, the electrostatic functiomdt
approximately compact. Figures 2a-b show graphs of the
Gaussian and electrostatic energy functions, respegtivel

A particularly desirable energy function, which estab-
lishes a good compromise between approximate scale in-
variance and compactness, is a modified cotangent:

[Pijl o 75| = ™
Ey=1{ (T’ 5) T 522
0 |Tij| >0

Irij] <o

(6)

which is shown graphically in Figure 2c. This potential has
one free parameter, which establishes the farthest dis-
tance at which particles interact. The derivative of this en
ergy with respect to particle distance is:

OFE;; _ 5 [1 —sin? (@g)] |rij| <o
a|'r‘ij| |rij|>0
(7

The derivative shows an analogous relationship to the elec-
trostatic potential. When the distance between particles is
small relative too, sin(|r;;|/o) ~ |ri;|/o, and the force
behaves like-1/72, which is invariant to scale.

Our experiments show that the cotangent energy homo-
geneously distributes particles across the surfacenigeg
the need to modifyy on a per particle basis or to imple-
ment a parameter sensitive particle insertion and deletion
algorithm. The particles distribute themselves in a nearly
hexagonal packing, which is the general pattern for optimal
configurations [17]. The system is well behaved due to the
lack of a characteristic length in the energy or force func-
tion, and works across a broad range of surface shapes and
sizes with no modifications. Because of this robust behav-
ior, o can be treated as an application dependent parame-
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Table 1. The effects of varying the one free parameter, o, in the cotangent energy function. The to-

tal number of particles, n, is constant along the rows, and the value of o is the fraction of the to-
tal domain. The average number of influenced neighbors, m, is given for each variation. The upper
right example illustrates the one constraint on o — o must be large enough to ensure adequate dis-

tributing forces at a particle.

ter which can be tuned in accordance with the desired den-tions around the minimum if the step size is too large. To

sity of particles and the run-time requirements of the appli avoid these problems we have implemented a Levenberg-

cation, as we will discuss in Section 6. Marquardt integration scheme that does not require any tun-
Table 1 illustrates the robustness and generality of theing of parameters (described in the following subsection).

cotangent energy function. For these examples we start with  \yie propose a Gauss-Siedel update strategy, in which
arandom placement of particles, then iteratively movedhes particle positions are updated one at a time, and each parti-
particles using a simple gradient descent until the systemc|e ypdate relies on the most recent positions of its neigh-
converges to a homogeneous distribution. We vary the valuepors. Moving particles in this method, versus finding alkpar
of o under two different scenarios: a sparsely packed sys-ticle movements before making positional updates, allows
tem of 300 particles, and a densely packed system of 6005 to avoid large matrix operations for global minimization

particles. Wherv = 1 (whereo is the fraction of the do-  and instead works locally on small matrices using a global
main size), the energy has a global influence over the en-metric to define convergence.

tire surface function domain. The particle distributions¢
tinue to be homogeneous as we reducedemonstrating
that the cotangent energy is approximately invariant over a
wide range of scales. The only restriction is thahust be
large enough so that particles interact with a ring of neigh-
bors at the steady statei(~ 6 for this example). The up- p; — p; + ([ _
per right example in Table 1 shows how the system breaks

down wheno is too small to provide sufficient interaction.

As discussed in later sections, this condition can be met auWhich is the result of a Lagrangian formulation of the con-

tomatically by either increasing or adding more particles. ~ strained optimization that keeps particles on the zerodfets
F. However, movements in the tangent plane can push par-

5. Moving Particles ticles off of the surface, especially in areas of high curva-
ture. Therefore one must follow up with a reprojection:

Integrating the particles towards a progressively lower
energy state can introduce numerical challenges. A gradien e p _F VF; )
descent requires careful tuning of the step size parameter, Pi P 'VF;-VF;’
which can vary from surface to surface, and even particle to
particle. Improper values can lead to very long convergencewhich is a Newton-Rhapson approximation to the nearby
times if the step size is too small, or irreconcilable oseill  roots (zero sets) af'.

A two-step update scheme keeps the moving particles on
the surface. First, particle positions are updated based on
the repulsion velocity in the tangent plane:

VF; ® VF;
or o )@
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Levenberg-Marquar dt Step 3: If EM*Y > E;, increase\; by a factor of 10 and go
back to Step 2.

Positioning particles across the surface is a nonlinear St . new
I . . X ep 4 If B}
optimization problem, and the inverse-Hessian techniques
such as the Levenberg-Marquardt algorithm, are often very
effective at producing stable results in a timely mannet.[15 )
Levenberg-Marquardt (L-M) works by varying between an We have found that particles mus_t be on the surface be-

inverse-Hessian when the energy is locally quadratic or aforé computinge* because a particle should not be al-
gradient descent when the inverse-Hessian fails. We begirfowed to move to a lower energy position if that position is
with an expression for the Hessian of the particle potential N0t on the surface. We put a particle back on the surface af-
The Hessian of a particle is3ax 3 matrix composed of the ~ t€r solving (12) using the reprojection given in (9). Also,
summed second derivatives of the energy with respect to dhe system is slow to converge if the particles are allowed to

< E;, updatep; = p*V andE; = EPV,
(decrease\; by a factor of 10 if this is the first time
through the loop,) and move onto the next particle.

particle’s position: jump over one another, and thus we penalize a particle with
a very high energy when it attempts to move a distance far-
- 0%E; ther than its nearest neighbor. The nearest neighbor genalt
i dx,;0x; forces) to increase until the motion is on the same scale as
™ T 52 i the neighborhood. Each particle is updated and moved in-
= Z Blrs; 2 (ni; ® nyj) dividually so that changes are propagated into subsequent
J=1 “ particle updates. The entire process over all of the pe#icl
1 OE; o . is repeated until convergence, which is indicated in the L-M
+ (I —n;;®@n)| (10)
[ 7ij 0] 7ij | T algorithm by a very large average

h is th lized h , The L-M method requires significantly fewer system it-
W e.rei‘n,ij |1|St € nqrmﬁ 'ZE |Vij \I/ectprr]. W en'compuﬂng a  erations to reach a desirable distribution of particlesitha
particle’s Hessian in the L-M algorithm, we ignore the sec- gradient descent, but each iteration takes longer to camput
qnd term of (10), Wh".:h cor_responds fo the second (_je”_va'because of the need to invert thex 3 Hessian matrix. The
tives of z;, l?tecagse dlnclusllqr_n of these hseqoqd q]ff'(‘j’at"’e most important gain of the L-M method is the insensitivity
terms can often be estabilizing [15]' T IS 1S !US“ 1€d NU- 14 the only two free parameters, the initial and finalal-
merically by noting that the sum of first derivatives for any ues. We have found the L-M algorithm to converge over a

one particle must be zero as it approaches equilibrium. wide range of surface shapes and sizes with no modifica-
The L-M method adaptively conditions the Hessian by tions.

increasing the diagonal matrix elements with a factor

- { Hoa(1+ ) 6. System Control

H,, a#b (11)
¢ The scheme described in the previous section ensures

The desired velocity due to tangential repulsive forces is that particles repel each other and reach a uniform distribu

then determined by solving the system tion in a reasonable amount of time, without modifying free
parameters, or inserting and deleting particles. The anly r
-\ —1 OF, . L .
v, = — (Hl) D;, whereD; — i Tij_ (12) strlcu_on of the scheme B_must be large enough such that
0|rij| 745l the given number of particles covers the surface. In prac-

~ tice, when dealing with unfamiliar or deforming surfaces it

When\ is large,H becomes diagonally dominate and a par- may be necessary to enforce certain relationships between
ticle moves in small steps in order to not over step the min- the particles and the surface. For instance, we might want
imum, but when\ is small, the particle moves much faster, to maintain a minimum number of particles, a certain mini-
using a full quadratic approximation to the energy surface. mum particle density, or a minimum particle radius that cov-

Each particle maintains &value, which is initialized to  ers the surface with specified number of particles. Meeting
1.0 (the system is insensitive to this value) and modified by these conditions will require modifying the number of par-
factors of 10 as the system converges to an even distributicles or the radius of the energy function. Furthermore, we
tion. Modifying \; is an iterative process governed by en- would also like to have particle distributions that adagoto
ergy computations and comparisons, and works as followscal surface features.
for one particle’s position update:

Step 1: ComputeD; andF;. 6.1. Global Control of Particles

Step 2. ComputeH;, solve (12), and compute the new en- As with the W-H method, the particle energy quantifies
ergy value EP*V, at the new particle locatiop}<". the density of particles in the neighborhood of a single par-
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ticle, while the system energy provides information on the  Inserting and deleting particles drives the system
global density of particles. The system energy measure pro4to maintain a specific surface density of particles, de-
vides further insight to the efficiency of the system and the fined by the value of. For a specifier value, the system
locality of the particle influences. Based on energy mea- energy specifies the approximate local density of neighbor-
sures, several techniques can be used to ensure an efficieimg particles across the entire surface. If the local dassit
and effective system. contain more particles than the defined ideal packing, par-

The energy of a particle quantifies the amount of in- ticles can be deleted, either randomly across the surface,
teraction the particle has with its neighbors, where a low or in a biased approach similar to the W-H deletion cri-
energy implies too few neighbors, and high energy indi- teria. Conversely, low local energies can be adjusted by
cates to many. To determine whether the particle systemsplitting particles in the local tangent plane.
contains enough energy to enforce even particle distribu- Adjustingo can be used when a specific number of par-
tions without incurring unnecessary particle-particleneo  ticles is desired. Ther value grows and shrinks to en-
putations, the system energy measure is compared againgure that particles interact with only the ideal neighboiho
an ideal energy measur&;q..1. In our system, we define  distribution. Growingo is important when the system en-
Eiq021 10 be a hexagonal packing of particles, similar to the ergy is too low to ensure an even distribution of particles,
distribution described in the W-H method. The hexagonal while shrinkinge when the system energy is too high pro-
configuration represents a natural, low local energy distri duces the most computationally efficient system by keep-
bution [17], and is illustrated in Figure 3. When the sys- ing inter-particle calculations as local as possible. @jean
tem energy is below;q..1, particles will generally not have  in o are carried out iteratively using either a gradient de-
enough neighbors to reach an acceptable distribution. Conscent, inverse-Hessian, or some other one-dimensional op-
versely, when the system energy is greater thap,,, par- timization technique.
ticles are influencing more neighbors than necessarytresul  For our system, we utilize a combination of insertion and
ing in extraneous particle-particle computations and slow deletion of particles, and growing and shrinkingo main-

global convergence. tain a lower bound on the number of particles and an upper
bound ory. This combination of constraints ensures a min-
O O O imum number of particles in the system at all times, and a
cap on the complexity of the inter-particle calculations.
o F oh
7 6.2. Locally Adaptive Particle Distribution
O O The local density of particles can be controlled to achieve
an adaptive sampling by introducing a repulsion amplitude,
@) O «y, for each particle. The symmetric form of the pair-wise
potential functions associated with this modification is:
© © © " (o 4 o)
i J
Figure 3. When determining the ideal energy Ei= ; 2 Eij. (13)
at a particle, we want only the 6-ring neigh- =
bors to influence a particle’s energy and force The repulsion amplitude parameter terms are then propa-
calculations. In this diagram, we want the dis- gated into the force and Hessian equations, (5) and (10).
tance from i to j1 to be o, which makes the Applications that entail complex implicit surfaces ben-
distance from ito j2 approximately 0.570. The efit from increased sampling density near high-curvature
shade of the particles specifies the relative features. To accomplish this curvature dependent sampling
energy and force influence to the center par- within the proposed frameworky; is scaled by the inverse
ticle. of the local curvature normy;, at p,. In order to keep a

minimum distribution in flat regions and to prevent surface
creases from attracting too many particles, we put a soft
minimum and maximum on this scaling:

To achieve the&;q..1, S€Veral mechanisms exist to mod-
ify the system energy. Particles can be inserted or deleted
to increase or decrease the system energy respectively, or =7+ wd o
can grow or shrink. These mechanisms can be used sepa- !
rately or in combination, depending on the goals of the ap- The upper bound on; is 1/v, and the lower bound is.
plication. We find thaty = 0.75, v = 0.1, d = 2 and a curvature

(14)
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range of]0, 20] works well and distributes particles with a The three examples in Figure 4 (and Figure 7 in the color
strong curvature dependence. To increase the curvature deplate) are generated as the zero set of the quartic function:
pendenced can be increase in (14), or to smooth out the . 5 5
dependencyd < 1 can be used. We calculate the curva- F=x" —10rz (15)
ture of the implicit surface from the derivatives bBfusing
the method described by Kindimaet al. [12]. By adding

; into the energy, force, and Hessian equations, the influ- X L _— X
o 9y q and required to maintain the initial number of particlese Th

ence of particles in regions of high curvature is reduced, . ; S .
causing particles to form denser configurations near thesé?ﬁh'tmage IS generfltled tﬁ; s_ettlmg Jdl._Tge m'ddls a?d
surface features. right images use (14) witdh = 1 andd = 3 respectively.

On a 1.7GHz P4 processor with 1GB of memory, all three
examples converge in 15 to 18 seconds.

with » = 0.13, and centered in the domajiiy 1]3. All three
examples are initialized with 1000 particles ane- 0.125,

7. Implementation and Results

In our implementation of the proposed curvature based
sampling method we eliminate divisions by zero by adding
a very small value to all denominators. For all of the re-
sults presented in this paper we initialized our system with
the number of particles the system is required to maintain,
in random positions within the 3D domain of the implicit
surface, and the value is set as a fraction of the domain.
The system then iterates until the particle distribution-co Figure 4. A quartic function with varying
verges by repeating the following steps: equations for the repulsion amplitude,  « (Fig-

ure 7 in the color plate).

1. For each particle:

(a) Computev; andH;.

(b) Find E; and the new patrticle position using the Figure 1, Figure 5 and Figure 6 show several other ex-
two-step particle motion and reprojection (Sec- amples of our system. The torus and box are represented as
tion 5), combined with the L-M algorithm (Sec- zero sets of scalar trivariate B-splines, and each contzin a
tion 5) for computing velocities. Because of the proximately 1250 particles. The dragon and griffin contain
finite region of influence of the energy function, approximately 7000 particles each, and are represented as
we compute pairwise relationships for only those distance fields. The particles have been colored and scaled

particles that are within the radius. For effi- according to the repulsion amplitude parametgrof each
ciency we use a spatial binning structure as de- particle. The results illustrate the method for clustepag-
scribed by Crossnet. al[3]. ticles around regions of high curvature.

(c) Update the particle’s position and check whether .
the particle has moved to a new spatial bin. 8. Conclusionsand Future Work

2. Decide whether the system is at a steady state by In this paper we have presented a new particle system for
checking that the averageg,,()\;) is greater than  robust, adaptive sampling of complex implicit surfaces. We

Amaz (fOr OUT System we usg,.,, = 14). If the sys-  have developed a new class of energy functions and applied
tem is still moving, go back to the particle update in several numerical techniques to generalize, stabilizd, an
Step 1. control the distribution of particles. The physically-bds

nature of the particle system inherently incurs a high com-
putational cost, and our system provides the tools negessar
to automate the particle convergence reliably.

The feature-based sampling of the particle system al-
lows for more numerically sophisticated techniques to be

3. If the system is not moving, check whether we have
a desirable configuration by comparing the system en-
ergy toE using a relative difference threshold. If we
do not have an acceptable energy insert or delete parti-

cles, or change, to meet the application-specific sys- lied to implicit models. Def i f th derl
tem requirements described in Section 6, and then go_app ied 10 impficit models. Letormations ot the underly-

back to the particle updates in Step 1 and continue it- ing implicit function can be made more efficient and effec-
erating tive by concentrating computations and functional control

in regions of interest. The potential energy of the parsicle
4. If the energy is acceptable, stop iterating. can also be used to optimize the sampling of polynomials



efit from the nature of the surface constrained particle sys-

Appears inShape Modeling Internationa?005

across the surface [20]. Coupling the particle system with [11] T. Karkanis and A. J. Stewart. Curvature-dependent trian-
a point based surface splatter, finite element data can ben-

tem to improve the accuracy and efficiency of visualizing [12]
higher order surfaces [13].
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Figure 5. A curvature dependent sampling of the dragon and gr iffin distance fields.

Figure 6. A curvature dependent sampling of the zero sets of s calar trivariate B-splines.

Figure 7. A quartic function with varying equations for the r epulsion amplitude, «.




